COBORDISMS OF MAPS WITHOUT PRESCRIBED 
SINGULARITIES 

YOSHIFUMI ANDO 



Abstract. Let A'^ and P be smooth closed manifolds of dimensions n and p 
respectively. Given a Thom-Boardman symbol 7, a smooth map / : A — > P is 
called an -regular map if and only if the Thom-Boardman symbol of each 
singular point of / is not greater than I in the lexicographic order. We will rep- 
resent the group of all cobordism classes of n^-regular maps of n-dimensional 
closed manifolds into P in terms of certain stable homotopy groups. As an 
application we will study the relationship among the stable homotopy groups 
of spheres, the above cobordism group and higher singularities. 



1. Introduction 

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively. 
Let k ^ n, p. Let J'^{N,P) denote the fc-jet bundle of the manifolds N and 
P with the canonical projection tt^ x TTp onto N x P, whose fiber is denoted by 

(n, p) . Here, tt^ and TTp map a fc-jet to its source and target respectively. Let / = 
{ii, 12, • • • , ik) be a Thom-Boardman symbol (simply symbol) where ii, 12, - ■ ■ ,ik 
are a finite number of integers with ii > 12 > • • • > «fc > 0. In 13: there have been 
defined what is called the Boardman manifold Y^^{N,P) in J^{N,P). A smooth 
map germ / : (A^, x) (P, y) has a; as a singularity of the symbol / if and only if 
j^f G E^(iV,P). Let n'{N,P) denote the open subset of J^{N,P) which consists 
of all Boardman manifolds (iV, P) with symbols /' of length k and /' < /. It is 
known that fl^{N, P) is an open subbundle of J''{N, P) over N x P, whose fiber is 
denoted by f2^(n,p). A smooth map / : A — > P is called an ft^ -regular map if and 
only if j'=/(A) C n'{N,P). 

Let J be another Thom-Boardman symbol with I < J. In this paper we will 
represent the set of all cobordism classes as fi'^-regular maps of fi^-regular maps of 
n-dimensional closed manifolds into P in terms of certain stable homotopy groups. 

Let P be a connected (resp. an oriented) smooth manifold of dimension p. 
We define the notion of (resp. oriented) fi'^-cobordisms of fi^-regular maps. Let 
fi : Ni ^ P {i = 0, 1) be two fi^-regular maps, where Ni are closed (resp. ori- 
ented) smooth n-dimensional manifolds. We say that they are (resp. oriented) il'^ - 
cobordant when there exists an fi'^-regular map, say Jl'^-cobordism F : {W, dW) 
(P X [0, 1], P X U P X 1) such that, for a sufficiently small positive number e, 

(i) is a (resp. an oriented) smooth manifold of dimension n -I- 1 with dW — 
Nq U (-Ai) and the collar of dW is identified with Aq x [0, e] U Ai x [1 - e, 1], 

(ii) P|Ao X [0,e] = /o x id[o^e] and P|Ai x [1 - e, 1] = /i x 
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Let maob'f^p^"^'^ (resp. D€ob''^p""+'^) denote the set of all (resp. oriented) 17"^- 
cobordism classes of il'^-regular maps into P. We will provide them the structures 
of modules in Section 4. 

We need some notion to represent them by using stable homotopy groups. Let 
E ^ X and _F — > y be smooth vector bundles of dimensions n and p over smooth 
manifolds, and let ttx and iry be the projections of X x y onto X and Y respectively. 
Define the vector bundle J*^ {E, F) over X x F by 

fe 

(1.1) J'^{E,F) = ^Rom{S\n*AE)),n*y{F)). 

1=1 

Here, S''{E) is the vector bundle UxexS^{Ej;) over X, where S^{Ex) denotes the 
i-fold symmetric product of Ex- The canonical fiber 0^1^^ Hom(S'*(R"),RP) is 
canonically identified with J^{n,p). If we provide N and P with Riemannian 
metrics, then J^{TN,TP) is identified with J^{N,P) over N x P (see Section 2). 
Let il^{E,F) denote the open subbundle of J'^{E,F) associated to ft^{n,p). 

Let Gm refer to the grassmann manifold G„i i (resp. oriented grassmann mani- 
fold Gm,e) of all (resp. oriented) m-subspaces of M™"*"^. Let 7^ and denote 
the canonical vector bundles of dimensions m and £ over the space Gm respectively 
such that ® 7g„ ^^e trivial bundle £q^^- Let T{jq^) denote the Thom 
spaces of 7^^. Let : G„ — > Gn+i denote the injection mapping an n-plane a to 
the (n-l-l)-plane generated by a and the (n+^+l)-th unit vector e„+£+i in R"+^+^. 

Let i+i"' : n^{n,p) ft-' {n + l,p+ 1) denote the map which sends a fc-jet 
^ = Jof to joif ^ *^k)i where / : M" ^ is a map germ and id^ is the identity of 

M. Set ni = n\Ys,.,TP), ni^, = f7^(73+;^,rp©ei,), 7^, = (^^J*(7Sjls.^ 

and 7^.7 = (ttq _|_^)*(7g' +i)ln-'^jj where Sp = P x M. There exists a fiberwise 

map : of, ^ J^'^+i associated to covering i*^ x idp. Then 

induces the bundle map 

covering and the Thom map r(b(7)(^^"'^"+i^). We denote the image of 

(1.2) r(b(7)("-""+^))* : n^+i (7^. ) ^ vr„+, (7^.^ J 

by Im'^ (T(b(7)(""'""+i))) (resp. Im*^ (r(b(7)(""'""+i))) ) in the nonoriented 

(resp. the oriented) case. We are ready to state the main result of this paper. The 
following theorem will be proved by applying the homotopy principles in |15| . |15| 
and [TT]- 

Theorem 1.1. Let n andp be natural numbers with p > 1 and £ ^ n,p. Let P be a 

connected p- dimensional manifold and he oriented in the oriented case. Let I and J 
be Thom-Boardman symbols with I < J such that ifn>p, then I > (n ~ p + 1,0) . 
Then there exist the isomorphisms 



to. 



(^-^^-;^..) _i^m(j.(b(7)(-"^-".^))), 

DCobg'"'-^' Im°(T(b(7)("-""^^')). 
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As for the image of T(b(7)*^^'>'^"+i^)* we will prove the following theorem. 

Theorem 1.2. // either (i) n < p or (ii) n — p > 1 and I ~ (1,0), then the 
homomorphism r(b(7)'-^"'^"+i^), in (1.2) is surjective. 

These theorem show the importance of the homotopy type of fl^ {n,p). In [7], 
[HI and [21 we have determined the homotopy type of fl^'''^'> {n,p) for i = max{n — 

(n('''",n<''°') (n<'-'^',n<''°') 
p + 1, 1}, and studied ^H£ob„ p ' andD£ob„p ' in the case n > p. 

When n — p > 2, I ^ J = (1,0) and P is closed, we will prove in Section 6 

that TTn+e 7^ (i o) I is, in the oriented case, isomorphic to 7r„+£(r(i/p)) by using 

the results in [H]. Let Fm denote the space of all base point preserving maps of 
the m-sphere S"" and let F = limm^oo -Fm • By using ^-dual spaces and duality 
maps in the suspension category in [33] and [3^], we can prove that 7r„+f (T(z^p)) 
is isomorphic to the set of homotopy classes [P, F] . Consequently, we have the 
following theorem. 

Theorem 1.3. If n ^ p > 2 and P is a closed, connected, oriented and n- 
dimensional manifold, then there exists the isomorphism D£ob„p ' "^^ — > [i^, f"]- 

We have constructed the surjection of D£ob„ p ' onto [P, F] from a different 
point of view ([7| Corollary 2]). This surjection turns out to be a bijection. Namely, 
F is the classifying space of this cobordism group. Theorem 1.3 suggests that the 
stable homotopy groups representing these kind of cobordism groups yield many 
invariants related to the singularities of Jl^-regular maps. 

In [SH] the group of the cobordism classes of smooth maps of n-dimensional 
manifolds into P having only a given class of C°° simple singularities has been 
represented by the homotopy classes of P to a certain space in the case n < p. 
The approach leading to their results is quite different from ours using homotopy 
principles in this paper. This should be compared with our Corollary 5.9. 

We will actually work in a more general situation than above. We will generalize 
the definition of the maps in Theorem 1.1 in Section 3, and will prove the generalized 
forms of Theorems 1.1 and 1.2 in Sections 4 and 5 respectively (see Theorem 5.6). 
Consequently we can apply these theorems to the groups of cobordism classes of 
smooth maps having only singularities of certain C°° simple types by using pTI] 
and Section 6 we will prove Theorem 1.3. We will argue by applying 

Theorem 1.3 that stable maps of spheres are detected by higher singularities through 

O€ob^gn' ""''^ in low dimensions. 

2. Preliminaries 

Throughout the paper all manifolds are smooth of class C°° . Maps are basically 
continuous, but may be smooth (of class C°°) if necessary. Given a fiber bundle 
TT^ : E ^ X and a subset C in X, we denote n-^{C) by E\c- Let tt^ : F ^ Y 
be another fiber bundle. A map b : E F is called a fiber map over a map 
b : X ^ Y ii tt'' ob ^ b o TT^ holds. The restriction b\{E\c) : E\c ^ F (or 
P\b{C)) is denoted by b\c- In particular, for a point x ^ X, E\x and b\x are simply 
denoted by E^ and bx '■ E^ ^ Pb(a;) respectively. When E and F are vector bundles, 
a fiberwise homomorphism, epimorphism and monomorphism E F are simply 
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called homomorphism, cpimorphism and monomorphism respectively. The trivial 
bundle X x M*" is denoted by e^c • 

Let E X (resp. F ^ Y) he n-dimensional (resp. p-dimensional) vector 
bundle. Let us recall the fc-jet bundle J'^{E, F) with fiber j'^{n,p) in Introduction, 
where k may be oo. The origin of M™ is simply denoted by 0. Let L^{m) denote the 
group of aU fc-jets of local diffeomorphisms of (^",0). Let hi : (Rp,0) (1^,0) 
and /i2 : (M",0) (M",0) be local diffeomorphisms. We define the action of 
L''{p) X L''{n) on J''{n,p) by (j^/ii, j^/ia) • j^/ = o / o h^^). In particular, 

0{p) X 0{n) acts on j''{n,p). Let ft{n,p) be an open subset of j'^{n,p), which is 
invariant with respect to the action of L^{p) x L'^{n). Let ft{E,F) be the open 
subbundle of J^{E,F) associated to Vl{n,p). Let Ei Xi and Fi Yi be other 
n-dimensional vector bundles, and let bi : E ^ Ei and b2 F ^ Fi he bundle 
maps covering hi : X ^ Xi and b2 '■ Y ^ Yi respectively. Then hi and &2 yield the 
isomorphisms S'^{Ex) S^{Ei_i,i{x)) and S^{Fy) S^i^iMiv)) ^'^^ x ^ X and 
y &Y for \ <i < k and hence, we have the bundle map 

(2.1) ]{hiM):J\E,F)^j\Ei,Fi) 

covering hi x 62- Then j(6i,fe2) induces the bundle map j(6i,fo2)o : ^{E,F) 
^{EuFi). 

If we provide N and P with Riemannian metrics, then the Levi-Civita connec- 
tions induce the exponential maps exp^^ ^ : T^N — > N and expp^^ : TyP — > P. In 
dealing with the exponential maps we always consider the convex neighborhoods 
f |28p. We define the smooth bundle map 

(2.2) J''{N,P)^J''{TN,TP) over N X P 

by sending z — j^f G (ttJ^ x 7rp)~^(x, y) to the fc-jet of (expp^)^^ 0/0 expjy at 

e T^N, which is regarded as an element of J^{T^N,TyP){= J^^y{TN,TP)) {see 
[281 Proposition 8.1] for the smoothness of exponential maps). More strictly, (2.2) 
gives a smooth equivalence of the fiber bundles under the structure group L'' (p) x 
L'^{n). Namely, it gives a smooth reduction of the structure group L^{p) x L'^{n) of 
J^{N, P) to 0{p) xO{n), which is the structure group of J^{TN, TP). Let us recall 
Boardman submanifolds (see ^31) ^M)- The Boardman submanifold T^^{N,P) of 
j'=(iV, P) is identified with S]^(TiV, TP) under (2.2). The same is true for n^{N, P) 
and n^{TN, TP). 

3. Maps uj^ + and " 

Leti+i : J^{n,p) 7*^(71-1-1,^-1-1) be the map defined by 1+1(^0/) — jQifxidjn). 
Let fl{n,p) be given as in Section 2. Let n*(n -I- l,p + 1) be an open subset 

01 J''{n + l,p + 1) which is invariant with respect to the action of L'^(p -|- 1) x 
L''{n + 1) such that i+i{n{n,p)) C n*{n + l,p+l). Let 17(7g_^,TP) and f^*(7g^ ® 

, TP © e},) be the open subbundles of J*^ {Yg„ , TP) and J'='(7g„ © , TP © e},) 
associated to il{n,p) and ri*(n -I- l,p + 1) respectively. Then we have the fiber 
map i^^^^'"*) : rj(7g^,rp) f2*(7g^ © eh^^^P © e},) over Gn ^ P associated to 
i+i\Vt{n,p) : Vt{n,p) ^ Vl*{n + l,p+ 1). Let Ss^eeJ^^ : 7g„ ® ^ 7St+i be 
the bundle map, which is induced from, and is covered by i'^ : Gn Gn+i- Let us 
define 

: r!(7S„,rp) ^ 1]*(7S+;^,TP©4) 
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to be the composite of i^^'^^ ^ and 

j(c^g^e,j^^,irfTP®e^)a* : 1^*(73„ ©£^„,TP©£i,) — ^^*(7S:;„TP©4)• 
We set ft = l^(7S„.rP), O* = n*(73t!i'^^®4), % = (4j*(7Sjln and 
7o* = simplicity. Since (i°)*(7St+,) = ^G„ ® and 

(**^)*(7g„+i) = 7g„' '^^ have the bundle maps 

b(7©si)("."*) : (4j*(7g„ ©e^JIn ^ (4„+J*(7S:+JI«*> 
b(7)("'^*^:7^^7^* 
and the Thom map T{h{'y)^^'^ ^). Thus we have the homomorphism 

T(b(7)("'"*))* : TTn+e (r(7^)) ^ 7r„+, (T(7^.)) • 

We denote the image of T(b(7)("^*^^*)), by Im^ (r(b(7)("^*^^*))) in the case ofG™ = 
Gm,e or by Im"^ (T(b(7)(^^'"*))) in the case of Gm = Gm,e and P being oriented 
respectively. 

Definition 3.1. We define OlCob^^jf^ ^ (resp. D<^ob^^^ ^ ) to he the set of all (resp. 
oriented) i}*-cobordism classes of Ct-regular maps of (resp. oriented) n- dimensional 
manifolds into a connected (resp. oriented) manifold P by following the definition 

o/9^£ob„p' (resp. D£ob„ p' "'^^ ) in Introduction and by replacing fJ^ and 
^n+i ^ '^"'^ ^* respectively. 

Let Cob^^V^*^ refer to '^tohff^ or DCobJ^p^^*' and let Im (T(b(7)(^^'^*))) re- 
fer to Im'^ '(T(b(7)("'^*))) or Im^ (r(b(7)("'^*))) for simplicity, depending on 
whether we work in the nonoriented case or oriented case respectively. 

Let M be an m-dimensional compact manifold such that M should be oriented 
in the oriented case. Take an embedding cm '■ M — > 5""+^ and identify M with 
eM{M). Let cm '■ M ^ Gm be the classifying map defined by sending a point 
X G M to the m-plane T^M G Gm- Let i/^ be the orthogonal normal bundle of 
M in 5""+^. Let Ctm : TM 7^^ (resp. c^^ : %J be the bundle 

map covering the classifying map Cm '■ M ^ Gm, which is defined by sending a 
vector v of T^M (resp. w Gi^Jf.rr) to {TxM,v) (resp. {TxM,w)). Then we have 
the canonical triviaUzations tM : TM® £^+^ and : 7g„ ®7g„ ^ ^g1^- 

Then we have tc^ ° {ctm © Ci^m ) ° = x i<iRm+< . Furthermore, if there is a 
map sm : M — > 0(7^^, TP) with tt^^ osj^^ is homotopic (resp. equal) to cm, then 
ctMi Cj^j,,j and the projection vr^ : f2(7g ,TP) ^ induce the bimdle maps 
Ctm : TM ^ (7rG,„,)*7G„ In and C^^ : v^j {'^%J*lGjn covering sm such 
that to„ o (Ctm © C,yJ^^) o is homotopic (resp. equal) to sm x id^m+e, where 
nm=n{^^^,TP) and tn^ : (7r^„)*(7G^ © 7G„)|n„ ^ is the trivialization 
induced from • 

Take an embedding cm ■ N ^ gn+t g^^^j apply the above notation. Then we 
have the bundle map 

McTNMTp)n : n{TN,TP) ^ = n{j^^,TP). 
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Let / : ^ P be an fi-regular map and j'^f : N —>■ Q{TN, TP) be the jet extension 
of /. Then we have the composites 

oj(cr^,irfTp)Q o// : AT ^ n* = 0*(7g+^^,TPe4). 

and 

covering o j(cj,j^,idTp)n ° j'^f- Let ajv : 5"+^ — *■ T{u^) be the Pontrjagin- 

Thom construction. We now define the map 



by mapping the cobordism class [/] to the homotopy class of T(b(7)(^^'^^*)) o 

T(Ci,„) o ttN- Here, lo refers to oj^'^ ^ or u)^'^ ^ depending on whether we work 
in the nonoriented case or oriented case. In the rest of the paper we often deal with 
the nonoriented case and oriented case at the same time. We have to prove that 
a;([/]) does not depend on the choice of a representative /. 

Lemma 3.2. Let two il-regular maps fi : Ni ^ P {i — 0,1) are fl* -cobordant. 
Then we have oj^'^ \[fo]) = (^^'^ P '^'"'^ oriented and fi {i = 0, 1) 

are oriented Q,* -cohordant, then we have u)^^'^ ^([/o]) = w^^'^ ^([/i])- 

Proof. Let F : {W,dW) (P x [0, 1], P x U P x 1) be an f2*-cobordism of 
/o and /i as given in Definition 3.1. Take embeddings ejVj : Ni gn+t 
ew -W ^ 5"+^ X [0, 1] such that 

(i) ew\NQ X [0, e] = eN„ x i(i[o,e], 

(ii) ew\Ni X [1 - e, 1] = cn^ x 

We identify Ni and W with cat. (iVj) and ew{W) respectively as above. Let us 
identify as TW\n^ = TN^ © e]^.. Then we may assume that the trivializations 

tN, : TNi © 4^ ^ and tw'.TW® ^ 5"^^+^ 

satisfy tw\Ni = {tNi © idgi^ ) o {idrNi © k)^J, where k)^. : e]^. ® — *■ u^. ® s%. 

is the map exchanging the components of e]^. and i^. and e'^^ © ej^. = e'^^'^^. 
Therefore, we have that 

c^3 ©el, o {cTNi ® {{i^ °CNi) X id^.)) = CTw\TNi © e]^., 

Let aw '■ 5'"+'^+^ x [0, 1] T{vy^,) be the Pontrjagin-Thom construction for 
ew Then the composite T{Cy„) o aw gives a homotopy between T(b(7)'"'^*^) o 
r(C,„J o aN„ and T(b(7)(">^*)) o T(C,.,,J o aN,. This proves c^([/o]) = Lu{lh]). 
In the oriented case we only need to provide manifolds, which appear in the proof, 
with the orientations. □ 

4. ' AND UJ^ ' ARE ISOMORPHISMS 

Let 0{m,q) be an open subset of J^{m,q), which is invariant with respect to 
the action L''{q) x L'^{m). Given an m-dimensional manifold M with dM and an 
(7-dimensional manifold Q, we can define the open subbundle 0{M, Q) in J^{M, Q). 
Let Cq (M, Q) denote the space consisting of all O- regular maps equipped with the 
C°°-topology. Let ToiM, Q) denote the space consisting of all continuous sections 
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of the fiber bundle ■k^\0{M, Q) : 0{M, Q) ^ M equipped with the compact-open 
topology. Then there exists the continuous map 

jo:C^{M,Q)^To{M,Q) 

defined by jo(/) =3^f. 

Definition 4.1. In this paper we say that 0(rn,q) satisfies the relative homotopy 
principle in the existence level if the following property holds. Let M and Q he 
any manifolds as above. Let C he a closed suhset of M such that if dM ^ 0, then 
dM C C . Let s he a section ofToiM, Q) which has an O -regular map g defined on 
a neighborhood of C into Q, where j'^g = s. Then there exists an O-regular map 
f : M ^ Q such that j'^f is homotopic to s relative to a neighborhood of C by a 
homotopy s\ in ToiM, Q) with sq = s and si = j'^f. 

Let r2(n,p) and n*{n+l,p+l) be an open subset of J^{n,p) and J'^{n + l,p+l) 
respectively. We say that the pair {il{n,p),il*{n + l,p+ 1)) is admissible to the 
h-Principle if the following properties are satisfied: 

(i) il{n,p) (rcsp. 0*(n + l.p + 1)) is invariant with respect to the action of 
L'^Ip) X L''(n) (rcsp. 1) x L'=(n+ 1)). 

(ii) i+iin{n,p)) C n*{n + l,p + 1). 

(iii) ^l{n,p) and n*{n + l,p + 1) satisfy the relative homotopy principle in the 
existence level in Definition 4.1 respectively. 

Theorem 4.2. Let P be a connected p-dimensional manifold and be oriented in 
the oriented case. Assume that the pair {Q{n,p), i}*{n + l,p+ 1)) is admissible to 
the h-Principle. Then the maps 

4^'"*) : m<tob'^^*^ Im^ (T(b(7)("'"*))) 
4^'"*) : DCobi^jf*' Im^ (T(b(7)("'^^*))) 

are hijective. 

Proof. In the oriented case we only need to provide manifolds which appear in the 
proof with the orientations. 

We first prove that u; is injective. For this, take two fJ-regular maps fiiNi^P 
{i = 0, 1) such that u;([/o]) = Recall the map T(b(7)(*^^'^^*)) oT(cj.„, ) oaw,, 

which represents Let prx : X x [0,1] X be the canonical projection 

for a space X. There is a homotopy H : S^^^ x [0, 1] T{^^t) such that if e is 
sufficiently small, then 

(i) H\S^+' X [0,£] =T(b(7)("'"*)) oT(c.,J oa;vo ° iprsn+AS^+' x [O,^]), 

(ii) H\S^+' X [1 - £, 1] = r(b(7)("."*)) oT(c.,^ ) oa^r, o {prsn+e\S^+' x[l-e, 1]), 

(iii) H is smooth around H~^{Cl*) and is transverse to CI*. 
We set W = H-^{n*). Then we have 

(iv) WnS^+' X [0,e] = TVo X [0,£] and H\No x [0,£] = ojic^j^^Jdrpho 
//oo(prjvJ(iVo X [0,£]), 

(v) W n 5'"+'^ X [1 - £, 1] = iVi X [1 - £, 1] and H\Ni x [1 - e, 1] = o 
}{cj,j^_^,idTp)no j^fi o {prNi\Ni x [!-,£,!]), 

(vi) TW|iVox[o,e] = (TiVoeejvo) x [O,^] and TW\N,x[i-e,i] = {TNi®ej,J x [1- 
e,l]. 

(vii) iyw\Nox[o,e] = X [0,£] and vwWx[i-e,i] = X [1 - e, 1]. 
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By (iii) we have the bundle map C',y^y ■ vw 7o* such that 

(viii) CI^\nox[o,6] = C^No ° {pruj^Jm, x [0,£]) by (i) and (ii), 

(ix) CI^\n,x[i-6,i] = C^^_^ o {pr^„^ |i/7Vi x [1 - e, 1]) by (ii) and (vii). 
It follows from Proposition 3.3] that there exists a bundle map 

covering H\W : W ^ ft* such that tn* o {C'rp^r © C^^) o is homotopic to 
{H\W) X id^s,,^+e+l. Since 7^^^^ is the universal bundle {£ n), CJ^^ is homotopic 
to Ctw ■ Furthermore, we may assume by (iv), (v) and (vi) that 

(x) C^vKUoxt=b(7©ei)("'^*)o(CT(iVoxt)©(c„„,, x idR)) for < t < e, 

(xi) C^tyUixt =b(7®ei)("'"*)o(CT(Ar,xt)©(c„^xt xidR)) for l-e<i < 1. 
Hence, cw is homotopic to ttq^^^ o H\W relative to A^o x [0,£] U A^i x [1 — e, 1]. 
Let prTpi^e^ '■ T{P x [0, 1]) TP © Sp be the canonical bundle map covering 
prp : P X [0,1] ^ P. Then we have the bundle map 

iicTw^P^TPBe^n^ ■■ n*{TW,T{Px [0,1])) ^ n* = n*{^^+l,TP®e\,) 

covering cw x prp. Therefore, since [0, 1] is contractible, there is the section sw ■ 
W -» n*{TW, T{P X [0, 1]) such that 

'^Px[QS] °sw\No X [0,e] = /o X id[o,e], 

T^Pxlo.i] ° sw[Ni X [1 - e,l] ^ fi X 

prp o 7r^x[oa] o = 7r|, o {H[W), 

and that j{crpy^r,prTP(B£^ )r2* ° sw is homotopic to H[W relative to Nq x [0,e] U 
Nix[l-e,l]. 

Since fl* {TW,T{P x [0, 1]) satisfies the relative homotopy principle in the exis- 
tence level, there exists an f2*-regular map F : W ^ P x [0,1] such that F{x, t) = 
/o(a;) X i for < i < e, F{x,t) = fi{x) x i for 1 - e < t < 1 and that j'^F is 
homotopic to sw relative to Nq x [0, e/2] U A^i x [1 — e/2, 1]. This implies that the 
fi-regular maps /o and /i are rj*-cobordant. This proves that to is injective. 

We next prove that uj is surjective. Let an element a of Im (r(b(7)(^'^ ))) be 
represented by a map a : 5*"+^ T{%) such that (r(b(7)("'"*)))*([a]) = a. 
We may suppose that a is smooth around a^^{ft) and is transverse to ft. we set 
N — a^^{ft). If iV = 0, then [a] must be a null element, while we can deform a so 
that N ^ % even in this case. Since a is transverse to ft, we have the bundle map 
'■ ^lii covering a[N . It follows from 'B', Proposition 3.3] that there exists 
a bundle map 

CW=, ■■TN®e],^ i^LnyL ® 4 J In 
covering a[N : N ^ ft such that the composite 
{tfi © id^ij o (id(^fc^).(^g_j © k^^) 

is homotopic to (a|iV) x idjg^n+e+i. Since 7^ is the universal bundle {£ ^ n), 
^TNBel, homotopic to Ctn © ((a|^) x idu), and to ° (Ctn © C'^^) o t^^ is 
homotopic to (q;|7V) x id]g^,^+e. Hence, cjm is homotopic to ttq^^ oa[N. By ^6, Propo- 
sition 3.3] again, C'^^ and Ci/„ are homotopic as bundle maps i^n 7o- Since we 
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have the bundle map 

j{cTN^^dTp)n ■■ n{TN,TP) = n{Y^^,TP) 

covering cat, there is the section sn '■ N ^ il{TN, TP) such that npOSN = Trpoa\N 
and j(cy^, idTp)fio S]y is homotopic to a\N. Since n{TN, TP) satisfies the relative 
honiotopy principle in the existence level, there exists an f2-regular map f : N ^ P 
such that j'^f is homotopic to sa?. This impHes that j(c^^, idTp)n o j'^f and a| 
are homotopic. This proves that 

= [r(b(7)("'"*))or(c;„)oa^] 

= [r(b(7)(f^'"')) oa] 
= a. 

This is what we want. □ 

Let 0{m, q) be an open subset of j'^{m, q), which is invariant with respect to the 
action L'^{q) x L^{m). In [TS] du Plessis has called 0{m,q) extensible when there 
exists an open subset C(m + 1, g) of J''{m + l,q), which is invariant with respect 
to the action L'^{q) x L'^{m + 1), such that i{0'{m + I,?)) — 0{m,q). Here, i is 
the map which is canonically induced by the inclusion : = M™ x ^ 
This extensibility yields that not only jo is a weak homotopy equivalence, but also 
0{m, q) satisfies the relative homotopy principle in the existence level. However, 
the last assertion is not stated explicitly. So we explain an outline of the proof. 

Lemma 4.3. Let 0{m, q) be an extensible open subset as given above. Then 
0(rn, q) satisfies the relative homotopy principle in the existence level in Defini- 
tion 4-1- 

Proof. For the O-regular map g and the closed subset C in Definition 4.1, we take 
a closed neighborhood V{C) of C such that V{C) is an n-dimcnsional submanifold 
with boundary and that g is defined on a neighborhood of V{C), where j'^g — s. 
Without loss of generality we may assume that N \ IntF(C) is nonempty. Take a 
smooth function he ■ N ^ [0, 1] such that 

{hc{x) = 1 for X e C, 

hcix) =0 for a; e \ IntF(C), 

0<hc{x) <l for X £ IntF(C) \ C. 

By the Sard Theorem (|23|) there is a regular value r of he with < r < 1. Then 
hQ^{r) is a submanifold and we set Lq = /^^^([j-, 1]). We may represent N as the 
union of an increasing finite sequence 

Lq C Li C ■ ■ ■ C Li C ■ ■ ■ C = N 

of compact n-manifolds with boundary such that — LiUdLi {dLi x [0, l])U-ffi+i, 
where TJ^+i is the j-handle x Z?"--?' with SL^ x 1 n H^+i = dD^ x D"--?'. For a 
sufficiently small e, we set LIj^^ — Li UdLi {dLi x [0, e]). 
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Let p^oi and p'j^^ in the following diagram denote the maps, which are canoni- 
cally induced from the inclusion if — > if+i- 



C^{LIP) ro(£f,P). 

It has been proved in 22 and 16 that p^^^^ and p^^^ are Serre fibrations. By 
the induction on i > we construct an O-rcgular map 5*+^ e C°°(Lf^]^, P), a 
homotopy e ro(if_^j,P) relative to and a homotopy s^"^^ G Tq{LI^^,P) 
relative to such that u\^^ = = j'^g*, = 5', u""^^ = Sg+-^, 

sj,+i|L, = j'^g' andsl+i = j''.9'+^ Let w^^^^^ £ rc)(if+i,P) be the homotopy defined 
by = (0 < A < 1/2) and v^^ = v^, (1/2 < A < I). 

In fact, we start with — g\LQ and — — s\Lq for any A, and next assume 
that g*, u\ and s\ are already constructed. By applying the homotopy extension 
property to s|Lf_^j^ and v\, we have the homotopy u^^^ <E To{L1^i, P) relative to Lq 
such that 4+^ = s|Lf_^i, <+^|Pf = w^|Lf. Let T^t^ and denote the fibers of 

and pp"!^^ over g^ and j'^g* respectively. Since jo induces the weakly homotopy 
equivalence J-^J: -^ro^' have an O-regular map 5*+^ and a homotopy s^"^^ 
relative to Li such that g'+^\L, = sj,^^ = s\+^ ^ This is what we 

want. 

Define s\ G rc)(io-,P) to be the homotopy w^. Then we have sq — s and the 
required O-regular map f = g'^ with si = j^g'' ■ D 



Proof of Theorem 1.1. Let / = (ii,i2, • • • 1^ has been proved in |15| that if 

ik > n — p — , where is the sum of ai, • • • a^-i with being 1 or depending 
on ig — ig^i > 1 or otherwise, then fl^ {n,p) is extensible. 

Let n < p. By Lemma 4.3, fl^ {n,p) and ri'^(n + l,p + 1) satisfy the relative 
homotopy principle in the existence level (see also [23 and 

In ^2 Theorem 0.1] it has been proved that if n > p > 2 and / > (n — p + 1, 0), 
then n^(n,p) and 17"' (n + l,p+ 1) satisfy the relative homotopy principle in the 
existence level. Here we remark the following. In [111 Theorem 0.1] V is assumed 
to be dV = 0. However, this does not matter, because we only need to consider 
the manifold V — dV. 

Therefore, the pair (r2^(n,p), r2'-'(n + l,p+ 1)) is admissible to the h-Principle if 
(i) n < p or (ii) n > p and / > (?i — p + 1, 0). This proves the theorem. □ 

In ^1 Section 0, Theorem] there have been given extensible open subsets fl{n,p), 
which are associated to smooth maps having only singularities of certain C°° simple 
type. In JO! we have constructed the submanifolds T,Di{n,p) {i > 4) and T,Ei{n,p) 
{i = 6, 7 or 8) in J^{n,p), which play the similar role for the singularities of types 
Di and Ei respectively as E^""^'"'"^'-'^' " '^'°^(n,p) does for the singularities of type 
Ai (see 53)- Consider a subset r2(n,p) of J^{n,p), which consists of all regular 
jets and a number of prescribed submanifolds " '^^°)(n,p), EDi{n,p) and 

Y,Ej{n,p). We can find when f2(n,p) becomes open by using the adjacency relations 
of these singularities given in |12l Corollary 8.7]. We can apply Theorem 4.2 to these 
open subsets 12(n,p) (see also Corollary 5.9). 
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Let US provide £ob|j^p^ •* with the structure of a module so that lo is an isomor- 
phism. This is a standard argument and the details are left to the reader. Given 
two 51-regular maps fi : Ni ^ P {i = 0,1), we define the sum [fo] + [fi] to be the 
cobordism class of the J7-regular maps f : Nq U Ni P defined by f\Ni — fi. The 
null clement is defined to be represented by an Sl-regular maps f : N ^ P, which 
has an f^*-cobordism F : {W,dW) {P x [0,1], P x 0) with dW = N such that 
F\N — f under the identification P x = P. 



5. Proof of Theorem 1.2 

In this section we prove Theorem 1.2. Let C,„ denote the set consisting of all 
smooth map germs (M™ , 0) — » M and let trim denote the ideal in Cm which consists 
of all smooth map germs vanishing at the origin. For a fc-jet z = f G J^{m,q) 
we define the R-algebra Q[z) = Cm/{J*{'i^q) + If two M-algebras A and B 

are isomorphic, then we write Ak, B. Let il(n,p) and ^[n-\- l,p+ 1) be subsets of 
J^{n,p) and J^{n + l,p + 1) respectively satisfying the conditions: 

(CI) ^{n,p) and ^l{n + l,p+l) are open and i+i(ri(n,p)) C ^l{n + l,p + 1). 

(C2) If a fc-jet z e j''{n,p) (resp. z G J^{n + l,p+ 1)) has a fc-jet w G ^{n,p) 
(resp. w G ft{n + l,p + 1)) such that Q{z) « Q{w), then z G ft{n,p) (resp. 
z G n{n + l,p+l)). 

(C3) If a fc-jet z G 0(n + l,p+ 1) does not lie in S"+i(n+ l,p+ 1), then there 
exists a fc-jet w G fl{n,p) such that Q{z) w Q{w). 

By (C2), n(n,p) and il{n -t- l,p -|- 1) are invariant with respect to the actions of 
L'^(p) X L^{n) and L^{p + 1) x L'^in + 1) respectively. 

Lemma 5.1. The open subsets ft^{n,p) and il^ {n -I- l,p + 1) for the symbol I = 
(ii,--- ,ik) satisfy the conditions (CI), (C2) and (C3). 



Proof. The condition (CI) and (C2) are satisfied by 2, Corollary (Morin)]. 

We consider the usual coordinates x = {xi,X2, ■ • ■ ,Xn+i) of R"+^ and y — 
{yi, 2/2, •• • , Vp+i) of RP+"'^. Since the given fc-jet z G il{n + l,p + 1) does not lie in 
Y,^^^{n + l,p + 1), z is represented as z = Jq/ with 

(y'l ° f{^'), • • • , y;+i o f{^')) = {9\^'), • • • , .9^-"+^^ ix'), • • • , <+i), 

where G m^^^ under suitable coordinates x' — {x'i,X2,--- ,x^_,.]^) of ]R"+^ and 
y' ^ iy'i,y2r- - , y'p+i) of W+\ Let V and W be the subspaces of ]R"+i and 
defined by the equations x'n_^_l ~ and y'p^i — 0, and let iy ■ V ^ R"+^ and nw ■ 
RP+^ — > T4^ be the inclusion and the projection defined by ttvi/ (yi , j/2 ; ' ' ' iZ/p+i) — 
{yi,y2:--- ^y'p) respectively. Let x = {xi,X2,--- ,a;„) and x = {x[,x'2,--- ,<). 
Define the map g : V W hy g = nw ° f ° iy and the functions on V by 
g^ {x ) — y'j o g{x ) {1 < j < p). Replacing the coordinates x'j and y'j by Xj and yj 
we define the germ / : R" M.P by 



{9^ix),gHx), - ■ ■ ,gP ^+^^{x),x,^+i,--- ,Xn) for ii < n, 
• • • ,S^(*)) forii=n. 
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If we write g{x') for f{x') to avoid the confusion, then 



Q(z)-C„+i/(r(mp+i) + m,^;+l) 



= C„+i/(5*K+i)+m^+l) 

«C„/(r(mp)+mf+i) 

«C„/(rK)+m^i) 

= Q(jo7)- 



By 2, Corollary (Morin)], the Thom-Boardman symbol of Jq/ is equal to /. 



A point of M™ is expressed as a;iei+a;2e2 + - • ■ + Xmem or {xi, X2, ■ • • , Xm), where 
ei, 62, • ■ • , Bm are the canonical orthonormal basis. Let prp+i : Rp+^ ^ M be the 
projection mapping 1/2, ■■ • ,yp+i) to ?/p+i. Let j{prp+i) : J'^{n + l,p + 1) 
J^(n+1, 1) denote the map defined by mapping a 1-jet jg/ to the 1-jet ioijprp+io f). 

Let if be a finite simplicial complex of dimension i and L be its subcomplex of 
dimension less than i such that K\L is a manifold. 

Lemma 5.2. Let ^{n,p) and ri(n + l,p + 1) safe/?/ (^CJj, (^Ci^J and (C3) as 
above. Let i < n < p and {K,L) be given as above. Let ip : {K,L) — > (r2(n + 
1), «+i(ri(7i,p))) be a map such that il>\{K\L) is smooth. Then there exists a 
homotopy ipx : {K, L) [Q,{n + l,p + 1), i+i(f2(7i,p))) such that 
(i) = -0, 



Proof. Let us define n : K —> Rp+^ by K{ti) = (ttJ" o ■j/;(M))(e„+i). Since ^{L) C 
i-i-i(ri(n,p)), we have that, for any u £ L, k{u) = Gp+i. Since dim if < n, K\L 
is a manifold and since 'ijj\{K\L) is smooth, there exists a deformation k\ of k 
relative to a neighborhood of L with kq — k such that the set of A's for which 
Kx does not take the value G MP+^ is dense in [0, 1]. Consider the fiber bundle 
Qrp+i : J''{n+l,p+l) RP+^ defined by gRr,+i(iS/) =io/(en+i)- By applying the 
covering homotopy property to and k\ , there exists a homotopy ip\ relative to L 
such that ipo ~ tp and q^p+i °'fix = ^a. Since Q{n+l,p+l) is an open subset and K 
is compact, there exists a r G [0, 1] such that if A < r, then (px{K) C il.{n + l,p+l) 
and Kr does not take the value gMP+^. 

In the proof an element of GL{m) is regarded as a linear isomorphism of M™ . Let 
hi : (K.L) {GL{p + l),Ep+i) be the homotopy defined by hl{u) = ((1 - A) + 
A/||Kr(w)|j)i?p+i. Then we have G S"^ , and we may assume without loss 
of generality that h\{u){Kr{u)) ^ — ep+i for any u £ K. By considering the rotation 
which is the identity on all points orthogonal to both Kr{u) and ep+i and rotate the 
great circle through Kr{u) and ep+i so as to carry Kr{u) to e^+i (when Kr{u) — ep+i, 
we consider Ep+i), wc have the homotopy h\ : {K, L) {SO{p+ 1), i?p+i) relative 
to L such that hQ{u) — i?p+i and h1{u) o hl{u){Kr{u)) ~ Gp+i for any u € K. 
Let hx ■ {K,L) {GL{p + l),Ep+i) be the homotopy defined by hx — h^x for 



< A < 1/2 and hx = /i2A-i°^i 1/2 < A < 1. Define IC-' : K ^ Ji(n+1, 1) by 



This proves the assertion. 



□ 



(a) tpxlL = ip\L, 




for i < n + 1, 
for i — n + 1. 



IC''{u) = j(prp+l) O TTi O O (priu)). 
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Since /C'^(?i) is of rank 1 for any u ^ K, wc have the unique vector v{u) of length 
1 such that v(u) is perpendicular to Ker(/C'^(u)) and that /C'^(u)(v(m)) is directed 
to the same orientation of Gp+i. Since hi{u){Kr{u)) = ep+i, v{u) cannot be equal 
to -e„+i. We set v{u) = \\IC-^ {u){v{u))\\. 

Note that v(m) 7^ — e„+i for any u e K. By considering the rotation which 
is the identity on all points orthogonal to both v(m) and e„_|_i and rotate the 
great circle through v(u) and e„+i so as to carry e„+i to v(m), we again have the 
homotopy : {K, L) — > {SO{n + 1), En+i) relative to L such that Hq{u) = En+i 
and Hliu)ien+i) = v(u) for any u e K. Let Hi : {K,L) {GL{n + l),En+i) 
be the homotopy relative to L defined by Hl{u) = ((1 — A) + X/v{u))En+i. Let 
H\ : [K. L) {GL{n + 1), En+i) be the homotopy defined by H\{u) = Hly^(u) for 
< A < 1/2 and Hx{u) = Hlx_^{u) o Hl{u) for 1/2 < A < 1. Then we have that, 
for any u £ K, 

K\u) o Hi{u){en+i) = JC\u) o Hl{u) o Hl{u){en+i) 
= K\u) o Hl{u){w{u)) 
= K-'{u){y{u))/v(u) 
= ep+i. 

Since Il\{u) G SO{n + 1) and is orthogonal to e„+i {i < n + 1), H\{u){ei) is 
orthogonal to H\{u){en+i) = v(u). Namely, Hi{u){ei) lies in Ker(/C'^(u)). Hence, 
we have 

/C-^(u) oi?i(w)(ei) = fori<n+l. 
Define the homotopy V'a : {K,L) {fl{n + l,p+ 1), «+i(0(n,p)) relative to L by 

[ fsxriu) forO<A<l/3, 
V'a(w) = S h3x-i{u) o ipr{u) for 1/3 < A < 2/3, 

[ hi{u) o ipr{u) o H3x-2{u) for 2/3 < A < 1. 

By the definition we have 

•/ \ k I r \r \ / for i < n + 1, 
j{pr,+,) o o Mn){ei) = | ^^^^ for i = n + 1. 

This is what we want. □ 

Proposition 5.3. Under the same assumption of Lemma 5.2, we have a homotopy 
: {K, L) -> (0(n + l,p + 1), i+i{Q.{n,p))) such that 

(i) *o = -0, 

(in) ^i{K) c Hi(0(n,p)). 

Proof. Let be the homotopy given in Lemma 5.2. Let us express tp\{u) — 
{fl{u), fl{u), ■ • • , /^^ (m)) using the coordinates of MP+^, where /^(w) is regarded 
as a polynomial of degree k with constant 0. We note that 

fV~^{u){xir ■ ■ , Xn+i) = Xn+1 + higher term. 

Let Cg°(M"+\ denote the set of ah germs of local diffeomorphisms of 0). 

Let us define a homotopy of maps $a : {K, L) Cg°(M"+S R"+i) by 

$A(w)(a;i, • • • ,Xn+i) = {xi,--- ,Xn+i +A(/^+^(u) -a;„+i)). 
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It is obvious that ^x{u) is a germ of a diffeomorphism of (M"+^, 0). Then we liave 
the inverse ^x{u)~^ such that 

(5.1) Wp+l O V'l(w) ° ^l{u)~^{xi, ■ ■ ■ ,Xn+\) = Xn+1. 

We now define (p\ : {K,L) — > (f2(n + l,p+ l),i+i{fl{n,p))) by 

Next we exclude the terms containing Xn+i from yj o (px < j < p)- Let 
r]x : {K, L) {J^{n + l,p + 1), J^{n,p))) be the homotopy defined by 

'qx{u){x) = (1 - \)(j)i{u){{xi, ■ ■ ■ ,Xn+l) 

(5.2) +A(</)i(u)(a;i,--- ,a;„,0) + (0, • • • ,0,ar„+i)). 

It is obvious that r]i{K) c i+i(n(n,p)) and that r]x{L) = iplL. It remains to prove 
that r]x is a homotopy into Cl{n + l,p+ 1). It follows from (5.1) and (5.2) that 

prp+i o r}x{u){x) = (1 - A)(a;„+i) + Xxn+i = Xn+i- 

Let us express r]x{u) = {g\{u) , gf{u) , ■ ■ ■ ,g^'^^{u)), where gi{u) is regarded as a 
polynomial of degree k with constant 0. Consider the ideal 3x{u) generated by 
gj^{u) , gj^{u) , ■ ■ ■ ,g^'^^{u) in m„+i/m^^^. Then 3x{u) is constantly equal to Joiu), 
and hence Q{r]x{u)) « Q{'ipi{u)). Since tpi{u) £ Q{n + l,p + 1), we have r]x{u) G 
r2(n+l,p+l) by (C2). Then the required homotopy '^x is defined by \E'a = fpax (0 < 
A < 1/3), *A = <^3A-i (1/3 < A < 2/3) and *a = ??3A-2 (2/3 < A < 1). □ 

Proposition 5.4. Let n < p. Let Q{n,p) and il{n + l,p+ 1) denote the open 

subspaces, which satisfy (CI), (C2) and (C3). Then (i+i)* : 7r.;(n(n,p)) 
7ri(f2(n + l,p + 1)) is an isomorphism for < i < n and an epimorphism for 
i = n. 

Proof Let <,„ : R" ^ W and in+i : ]R"+^ ^ denote the map defined by 

^n{p^\i ' ' ' 1 ^n) ~ (»^1) * * * ) '^ni 0, • • • ,0), 

in+i(a:i, • • • ,Xn+i) = [xi, ■■■ ,a;„,0, • • • ,0,x„+i). 

Wc first prove that («+i)* is surjective for < z < n. Indeed, let [a] G Tii{Vl{n + 
be represented by a : (S'%ei) (r2(n+l,p+l), (-„+i). Then by Proposition 
5.3 we have a homotopy ipx ■ (5',ei) — > (0(n + l,p+ l),(.„+i) such that Vi(5') C 
i+i{n{n,p)). 

Next let [6] € Tri{n{n,p)) be represented by 6 : (S**, ei) — > (0(n,p), t„) such that 
(i+i)*([6]) = 0. Then we have a homotopy (p : x I ^ {il,{n + l,p+ 1), in+i) such 
that ip\S^ X = z+i o 6 under the identification S** = 5* x and ^(ei x / U 5** x 1) = 
/,„_!_! . It follows from Proposition 5.3 that if i < n, then there exists a homotopy 
$A : {S' X I, X OU ei X I U X 1) relative to S'* x U ei x / U 5' x 1 such that 
$i(S'* X J) c i+i(0(n,p)). This prove the injectivity of (i+i)*- □ 

Proposition 5.5. Let (i) n < p, or (ii) n = p > 1 and I = (1,0). Then («+i)* : 
7rj(r2^(n,p)) TTi{^^ {n + l,p + 1)) is an isomorphism for < i < n and an 
epimorphism for i = n. 

Proof. The case (i) follows from Lemma 5.1 and Proposition 5.4. 

The case (ii) is proved as follows. Let d : W^~^^ M."'^^ be the diffeomorphism 
defined by d{xi, • • • , Xn+i) = {xn+i,Xi, •■ • , x„) and let d^^ : ^l^^'^\n + l,n+ 1) — > 
f2^^''^^(n+l, n+1) be the diffeomorphism, which maps a fc-jet j^f to (rfo/orf"^). 
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Let j : SO{n + 1) ^ SO{n + 2) be the map defined by j{A) = [1) + A for A e 
SO{n-\-\). Let us recall the topological embedding if^ : SO{m+l) Q'^^'^^m, m) 
defined in Proposition 2.4], which is equivariant with respect to the action of 
SO{m) X SO{m) and that {SO[m-\-l)) is a deformation retract of fi^^'^^ (to, to). 
Then we have the following commutative diagram. The proof of commutativity is 
a rather wearisome calculation using the definition of i^P, and so it is left to the 
reader. 

S0{n + 1) S0{n + 2) 

1) ^ (n + 1, n + 1), 

Then the assertion of the corollary follows from the corresponding assertion for the 
map j. □ 

RecaU that rj„ = n{j2;^,TP) and J7„+i = n{Yi+l^,TP ® e\,). Then Theorem 
1.2 follows from Lemma 5.1, Proposition 5.5 and the following theorem. 

Theorem 5.6. Let fl{n,p) and fl{n + l,p+ 1) denote the open suhspaces, which 
satisfy (CI), (C2) and (C3) as in Proposition 5.4 when n < p, or Q^-^''^^ {n,n) and 
j7(i,o)^j^ + l,n + 1) when n = p respectively. Let Gn and Gn+i refers to Gn,e and 
Gn+i,e in the nonoriented case (resp. Gn,i and Gn+i,e in the oriented case). Then 
the homomorphism 

is an isomorphism for < i < n and an epimorphism for i = n. 

Proof. We first show that (i'^)* : 7ri(G„) 7ri(G„+i) is an isomorphism for < 
i < n and an epimorphism for i — n. We give a proof only in the nonoriented case, 
since the proof in the oriented case is analogous. Let us consider the canonical 
maps 

qi:0{n + e+ l)/0{i) x 0(n) x Ei ^ Gn+ij, 

q2:0{n + £+ l)/0{£) x 0{n) x Ei — >0{n + £+ l)/0{n + £) x Ei ^ 5"+^ 
j : Gn,i -^0{n + e+ l)/0{e) x 0{n) x E^. 

It is obvious that qi and q2 yield the structures of the fiber bundles with the 
fibers S*" and G„^^, which is included by j, respectively. Since j, : T^iiGn.i) 
'Ki{0{n + £ + l)/0{£) X 0{n) x Ei) is an isomorphism forO<i<n + ^— 1 and 
since (gi)* : ■Ki{0{n -\- £ + \)/0{£) x 0{n) x Ei) T^i{Gn+i,i) is an isomorphism 
for < i < n and an epimorphism for i = n, the assertion follows. 

Let us recall the fiber map covering i'^ x idp. We next prove that 

(5.3) (j(o„,o„+i))^ . ^^(j^^^) ^ 7r,(n„+i) 

is an isomorphism for < i < n and an epimorphism for i — n. Let us consider 
the diagram which is induced from the homomorphisms (j(^^n^^^n+i))^ of the exact 
sequence of the homotopy groups for the fiber bundle 0„ over G„/ x P to the exact 
sequence of the fiber bundle Ctn+i over Gn+i,£ x P. Then the second assertion about 

(5.3) follows from [21 Lemma 3.2], the first assertion about (j*^)* and Proposition 
5.4. Then it follows from gOl Section 5, 9 Theorem] that 

(5.4) (j(n„,n„+i))^ . H,{n,,) ^ i/,(n„+i) 
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is an isomorphism for < i < n and an epimorphism for i — n. By virtue of the 
Thorn Isomorphism Theorem, we have that 

is an isomorphism for < i < n and an epimorphism for i = n. Since both of Thom 
spaces are simply connected, the assertion of theorem fohows from the Hurewicz 
Isomorphism Theorem. □ 

Let IC'^ denote the group of fc-jets of contact transformations, which acts on 
J'=(m, q), defined in [SHi (2.6)]. The /C'^-orbit of z G j'=(m, q) is denoted by IC'^z. It 
is known |^ Theorem 2.1] that z' hes in K.'^z if and only if Q{z') « Q{z). Hence, 
given a M-algebra Q which has a fc-jet z with Q « Q{z), we write Sq — Kf'z. 
In general, Q{z) is written as M[xi, • ■ • , Xm\/{fi, ■ ■ ■ , fq) + tnj^^, and hence let b 
denote the minimal number of generators for the ideal (/i, • • • , fq) modulo tn^^. 
If we define the integer i{Q) — m — b, then it is easy to see that i{Q) is an invariant 
of the isomorphism class of Q. Du Plessis^^ has proved the following theorem (see 
also several examples which are concerned with simple singularities). 

Theorem 5.7 (17). Let n{ni,q) be an open set of j'^{ni,q), which is invariant 
with respect to the action of KJ' . Assume that for each KJ' -orbit Eg C r2(m, g), 
there exists a K.^ -orbit Sq' C Q,{m,q) for another R-algebra Q' such that Eg/ C 
Closure(Sg) and '-l{Q') < q — m. Then Q{m,q) is extensible. 

Lemma 5.8. Assume that il{n,p) and il{n + l,p+l) satisfy (CI), (C2) and (C3) 
and that Q,(n + l,p + 1) H Yj"'^^{n + l,p + 1) = 0. Assume that fl{n,p) satisfies the 
assumption of Theorem 5.7 for {m,q) ~ {n,p). Then Q{n + 1,J3+ 1) also satisfies 
the assumption of Theorem 5.7 for {m,q) = (n + l,p+ 1). Namely, Q{n,p) and 
fl{n + l,p + 1) are extensible. 

In particular, the pair (ri(n,p), il(n + l,p+ 1)) is admissible to the h-Principle. 

Proof. Take a /C'^-orbit Sg C fl{n + l,p + 1). Then there exists k-jets zi e Sg 
and Z2 S fJ(n,p) with Q « Q{zi) « Q{z2) by (C3). Hence, /C'^Z2 C n{n,p). 
By assumption, there exists a A^'^-orbit Eg/ for another R-algebra Q' such that 
Sg, cClosure(/C'=Z2) and -t(Q') < p - n. By (CI), i+i{IC''z2) C n{n+l,p+ 1) 
and i+i{'E,Q>) C «+i(Closure(/C'^Z2))- Since Q{z2) ~ Q, we have IC''{i+i{z2)) = Sg, 
and hence we have 

i+i(Closure(/C''z2)) C Closure(/C''(i+i(z2))) = Closure(Sg). 

Since the R-algebras associated to i+i(Sg') are all isomorphic to Q', the /C*^-orbit 
of i-|-i(Sg/) in j'^(n + l,p + 1) is contained in Closure(Sg). This is what we want 
to prove. □ 

If we note codimE"+^(n + l,p + 1) = (n + l)(p + 1), we have the following 
corollary of Theorems 4.2, 5.6 and Lemma 5.8. 

Corollary 5.9. Let n < p. Assume that fl{n,p) and fl{n + l,p + 1) satisfy ( CI), 
(C2) and (C3). Assume that Vl(n,p) satisfies the assumption of Theorem 5.7 for 
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{m,q) — {n,p). Then the homomorphisms 



are isomorphisms. 



6. COBORDISMS OF FOLD-MAPS 



/qCI.O) q(i.o)\ 

In this section we study D£ob„p ' in the equidimension n = p, where 

Gn+i refers to Gn+i,e- For this we study TTn+i{j^ (i o)) in place by Theorems 1.1 

and 1.2 and prove Theorem 1.3 . Take a Riemannian metric on P. 

Let S0n+2{l'c^^^ ®^G„+i ' TP(Be'j^) denote the total space of the open subbundle 
of Hom(7g+|^ © Eq^^^^.TP © £p), which is associated to SO{n + 2). Namely, it 
consists of all isomorphisms which preserve orientations and norms of vectors of 
fibers. Since the topological embedding i^'^i '■ SOin + 2) ^ r2(^'°)(n + 1, n + 1) in 
Proposition 2.4] is equivariant with respect to the action of 5*0(71+1) x SO{n+\) 
and since ifi'^i{SO{'n + 2)) is a deformation retract of + l,n + 1), there 

exists the homotopy equivalent fiber map 

over Gn+i x P associated to if+i. The image is denoted by SO„_|_2- Furthermore, 
\so induces the bundle map 

^ : 7o(i.o) lso„+2 — ^ 7o<i.o) 
covering the inclusion SO„+2 ^i+*i ■ 

Proposition 6.1. (i) The fiber map \so a homotopy equivalence, 
(ii) The Thom map 

is a homotopy equivalence. 

Let 5'0(rP©£p) denote the total space of the principal bundle over P associated 
to TP ® e),, whose fiber is SO{n + 1). Let {SO{t) x En+i)\SO{n + ^ + 1) be the 
Stiefel manifold. Consider the natural actions of SO{n + 1) on SO{TP © Cp) from 
the right-hand side and on SO{n + 2) through SO{n + 1) x Ei from the left-hand 
side, and the natural actions of SO{n + 1) on SO{n + 2) through SO{n + 1) x Ei 
from the right-hand side and on {SO{i) x En+i)\SO{n + i + from the left-hand 
side respectively. Then we can express as 

SO„+2 = 50(TP © e},) X S0{n + 2) 

SO(n+l) 

X {{SOie) X En+i)\SOin + e + l)). 

SO{n+l) 

Identify the quotient space SO{TP © ep)/SO{n + 1) with P. Then we have the 
projection prfP : SO„_|_2 ^ -P by forgetting the component SO{n -1-2) x 

SO(n+l) 
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{{S0{£) X En+i)\SO{n + £+l)), denoted by f, which is the canonical fiber ofprfP. 
Let pr^,.+i : f SO{n + 2)/SO{n + 1) = 5*"+^ be the projection forgetting the 
component {SO{t) En+i)\SO{n + l+l). Since the last space is (£— l)-connected, 

(6.1) (p4„+,), :7r,(f)-.7r,(5"+i) 

is an isomorphism for i < £. Hence, we have the following lemma. 

Lemma 6.2. The homomorphism {prpP)^, : 7ri(SO„+2) ^ '^i{P) an isomor- 
phism for i < n + 1 and is an epimorphism for i = n + 1. 

Let us define a bundle map 

br : (4„,J*(7S:;j|so„,. — >rP©£i, 

as follows. We denote an element of SO„+2 and (ttq^^^ J*(7q^| J|so„+2 [a, y, h] 
and by [a, y, h, v] respectively, where a G G„+i, y E P, "v Ea and h : a —> TyP(BM. is 
an isomorphism preserving orientations and norms. Then we set hq-{[a,y,h,v]) = 
h{v). Let us consider the trivialization {tp®idp xR)o(i(iyp©kp) : TP©ep®i'|, 
^n+f+i^ By J3, Proposition 3.3], there exists a bundle map 



(6.2) : 7o(i-o)lso„+2 



v 



such that {tp ® idp x M) o [idrp ® kp) o (br ® b^,) o t^{i,a) |so„+2 is homotopic to 

prp'^ X idi^n+i+i. Then we have the following lemma. 

Lemma 6.3. The homomorphism induced from the Thom map ofh^ 

T{K). : 7T,+i (^T(7^(^o,|so„+2)) ^ (7^(4)) 
is an isomorphism for i < n + I and is an epimorphism for i = n + 1. 

Proof. By Lemma 6.2, (6.2), 40, Section 5, 9 Theorem] and the Thom Isomorphism 
Theorem, 



T(b,), : H,+e [Ti%a^>}\so„^2) j ^ H,+e (T(4)) 

is an isomorphism for i < n + I and is an epimorphism for i = n + I. Since 
"^((""Gn i)*(7g„ i)|so„+2) and T{vp) are simply connected, it follows from the 
Hurewicz Isomorphism Theorem that 

T{K)^ : ^,+, (^T(7^,i^,|so„+2)) ^ ^^+^ (7^(4)) 
is an isomorphism for i < n + 1 and is an epimorphism for i = n + 1. □ 

According to ^Hl) let {5*"+^, T{up)} denote the set of S-homotopy classes of S- 
maps S"- A 5'"+^ S' A T{iyf,) {i > 0). An element of {5*"+^ r(i^|,)} represented 
by a map a : 5*"+^ ^ S" A T(z^|,) is written as {a}. Since ^ > n, {5"+^ T(zy|,)} 
is isomorphic to 7r„_|_£ (r(i^p)). It has been proved in [351 Lemma 2] that T{vp) is 
the S-dual space of = P U *p, where *p is the base point. Namely, we have the 
isomorphism {5*"+^ T{u^p)} « {5^pO, S^}. 

Let£)£ob„p ' (d) denote the subset of D£ob„ p ' ^ which consists of 

all fold-maps into P of degree d. In particular, D£ob„ p ' (0) is a submodule 

of D Co bfp Let {5"+^ T(z/|,)}d denote the subset of {5'"+^ r(i^^)} which 



COBORDISMS OF MAPS 



19 



consists of all S-maps of degree d. By Theorem 1.1, Proposition 6.1 and Lemma 

6.3, O€ob'-^p°^'^^^'°^\d) is mapped bijectively onto {5"'+^ T(^'|,)}d. 
We prove the following refined form of Theorem 1.3. 

Theorem 6.4. Let n — p > 2 and P be a closed, connected, oriented n- dimensional 

/q(i,o) f2(i,o)\ 

manifold. Then there exist a bijection ujd : DCob^^ p ' (c?) — > [P,F ]. 

Proof. Let us define the map cp : {S'^P°,S'^} [P,F]. Let {(3} e {S'^P°,S'^} 
be represented by f3 : S^P'^ — > S^. For a point a: G P we define P{x) : — 
S° AS'^ ^ by (/3|{*p U x} A S^) o (t^ A idg^-), where : ^ {*p U x} is the 
canonical identification. Then we set cf{{I3}){x) — {f3{x)}. It is easy to check 
that Cp is bijective. Furthermore, we have proved in Lemma 2.4] that cp maps 
{5""+^ T{v%)}d to the subset of {S^P°, S^} which consists of all {/?} such that (i{x) 
is of degree d, namely cf{{(3}){x) G Fd for any x ^ P. This proves the assertion. □ 

Let TT^ denote the n-th stable homotopy group of spheres lim^^oo T^n+i{S^). It 
follows from that [S"", F^] is canonically isomorphic to 7rf . So identifying [5*", F"] 
with TT^, we have the following corollary. 

/q(i,o) s-2(i,o)-> 

Corollary 6.5. The map uiq : OCob^j g„ ' (0) — *■ 7r„ is an isomorphism. 

7. Stable maps of spheres 

Let : DCobl^;;' (0) ^ DCobg^'^^^'lO) denote the homomor- 

phism which maps an ri*^^''^^-cobordism class [/] to the fi-^-cobordism class of /. Let 
/([/]) denote the smallest symbol / such that S'^^* "''^ \[f]) is a null element. Then 
there exists an fi^'I-^l^-regular cobordism F : {V, dV) — > (S*" x /, S"" x 0) such that 
dV = N, the collar of dV is identified with N x [0, e],and F\N x [0, e] = / x i(i[o,e]- 
In this section we show that the singularities of symbol /([/]) of F detect the sta- 
ble homotopy class cjo([/]) G tt^ in low dimensions. We have to prepare some 
machinery for this purpose, although the dimensions are low. 

Let D and P denote the total tangent bundle defined on J°°(y, Y) and {tt^)*{TY) 
respectively. Let us recall the fundamental property of D over J°°{V,Y). Let 
/ : (y, x) {Y, y) be a map defined on a neighborhood Ux of x with coordinates 
(xi, • • • , Xn+i) and F be a smooth function in the sense of 13, Definition 1.4] de- 
fined on a neighborhood of j^f. We have the local vector fields Di defined around 
z with the property 

Aroj°°/= A(/roj-/) {l<i<n+l), 

which span D. It follows that d{j°° f){d / dx^){F) = D,Fij°°f), where d{j°°f) : 
TV T(J°°(l/,r)) around x. This implies d{j'^ f){d / dx-) = A- Hence, we have 
D = {Tiy)*{TV). There have been defined the homomorphism di : D ^ P over 
J°^(V,Y). If z = j^/, then di,^(A) = {z,dxf{d/dxi)). The manifold ^^(V^,^) 
is defined to be the submanifold of J°°{V,Y) which consists of all jets z such 
that the kernel rank of di ^ is 1. Since di|2i(y,v') is of constant rank n, we set 
Ki =Ker(di) and Pi =Cok(di), which are vector bundles over Y}{V,Y). Let 1^ 

r 

denote (I,-- - ,1). The Boardman manifold Y}''{V,Y) (r > 1) has the following 
properties ffHTj). 
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(7-i) There exists the (r + l)-th intrinsic derivative 

d,+i : T(Ei'-H"t^,n)lsi.(Ki') Hom(5'^Ki,Pi)|si.(y,y) ^ 0, 

so that Ker(di.+i) = T{'S'^''{V,Y)). Namely, d^+i induces the isomorphism of the 
normal bundle {T{E^-^{V,Y))\^i,.^v,Y))/Ti^^'- of in S^-i (t/, F) 

onto Hom(S"'K, Pi)|sir(y,y). 

(7-ii) £■'■'■+1 (y, y) is defined to be the submanifold of (V,F) which consists 
of all jets z such that d^+i.^IKi ^ vanishes. 

(7-iii) The (r + 2)-th intrinsic derivative dr+2 is defined to be the intrinsic de- 
rivative 

d(d.+i|K,) : T{^^^iV,Y))y^^,^yy^~.RomiK^,P,)y^^,^yyy 

(7-iv) The submanifold S-'-'' (V, Y) is actually defined so that it coincides with the 
inverse image of the submanifold T,^''(y,Y) in J'^{V,Y) by tt^. The codimension 
of T.^-{V,Y) in J^{V,Y) is r. 

Theorem 7.1. Let V be an oriented {n + l)-manifold with dV , which may he 
empty, Y he an oriented {n + l)-manifold and let C be a closed suhset of V . Let s 
he a section of Tqi (V, Y) which has a fold-map g defined on a neighborhood of C 
into Y, where j°°g = s. Then there exists an fl^^'^'^^ -regular map f : V ^ Y and 
a homotopy s\ G Fqi (V, Y) relative to a neighborhood of C such that sq = s and 

Proof. In the proof we use the notation introduced in ll^l . By (2.2) we always 
identify J^{V,Y) with J"^ {TV,TY), where r may be oo. We may assume that s 
is transverse to and we set ^^' (s) ^ s~'^(Y:'^- (y,Y)). It follows that 

(tt^ o s){V \ (S^^is))) C fii^--0(I/ \ S^^is), Y). 

We find a section s of fl^^^^'"'' {V,Y) such that 7r|° o s = tt^ o s. We set 
(s|S'^(s))*Ki = Ki and (s|5^(s))*Pi = Pi. Since V and Y are oriented and since 
Ki and Pi are line bundles, we have that Ki and Pi are isomorphic. In particular, 
we have the isomorphism Ki\gi2(s} ~^ Pi\s^2{s)- Consider the homomorphism 

r3 : Hom(53 (TF),Ty) I (,) ~>Hom(53i^i, Pi) I SI, (,) 

which is induced from the inclusion S^Ki\gi2{s) ~* (TV), TY)\ §12 (s) and the 
projection TY\si2(_s) Pi|si2(s). Since S^Ki « Ki, there exists the isomor- 
phism L'^ : S^Ki\gi2(^s-j — > Pi|5i2(s), which induces the isomorphism Xil 512(3) 
Hom(S'^_fi'i, Pi)|5i2 (s). Since S^^ (s) is a closed submanifold of V such that S^'^ (s) n 
C — 9inV, there exists a homomorphism : S^{TV)\si2(s) (7ryOs)*(Ty)| 512(3) 
such that r^o = l^. We extend h'^ to the homomorphism H"^ : S'^{TV) 
(tt^? o s)*{TY). If (tt^ o s)ty ■■ (tt?? o s)*{TY) TY denote the canonical bundle 
map covering iTy o s, then we define the section s : V ^ J°^{TV, TY) so that 

TT^ 05(2;) = TT^ O s{x) © (TTy O s)tY ° U 

and that s is the composite of 05 and the canonical inclusion J^{TV,TY) 
J°°{TV,TY). 

We now show that s{V) C ^l^'^''^^^\V,Y). In fact, it is obvious that 5{V) C 
Vl^'^{V,Y). It remains to prove that if x G S^^{s), then 

(7.1) d3_s(a.) : Ki_5(2,) — > Hom(5^Ki_s(^),Pi_^(2,)) 
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is an isomorphism. In other words the homomorphism S^lii^ci^x) ~* Pi, 5(2;) induced 
from d3 5(2.) is an isomorphism. For any point x G S'^'^{s), let y = TVy os{x), Ux and 
Vy be convex neighborhoods of x and y respectively. Let t and u be the coordinates 
of expy ,^{Ki^x) and expY_y((7ry o 5)TY{Pi,y)) respectively, where Pi is regarded as 
a line subbundle of (tt^ o s)*(rF)|5i2(s) by virtue of the metric of Y. It follows 
from (7.1), (2.2) and the definition of that 

(0^A)w|s(2) = d^u/dt^{x) 7^ for X e S'^^{s). 

Hence, we have that s(S'^^(s)) C S(i'i'°)(y, F). 

By fill Theorem 0.1] and |221 there exists an Ot^'i'^^-regular map G : V ^ Y 
such that j°"G and s are homotopic relative to a neighborhood of C as sections of 
r2^(V, F) over V . Here, we again note the remark which has been given at the end 
of the proof of Theorem 1.1. □ 

Let £ be a natural number with £ ^ n. Let V be an {n + l)-manifold with 
dV — N, and let ry be the stable ^-dimensional tangent bundle of V. Given a 
fold map / : iV -> 5" of degree 0, we have the bundle map T(/) : TN ® ejf ^ 
^S^^ El Corollary 2]. Let us consider the obstruction for T(/) to be extended 
to the trivialization of ry. For this purpose, we have the primary obstruction 
o(ry,r(/)) defined in H^+\V,N;Tr,{SO{e))) for some i. Let V ^ V CN, 
which is obtained by pasting V and the cone of N. Let t{V ,T{f)) be the £- 
dimensional vector bundle, which is obtained by pasting Ty and e^'TV t>y using 
r(/). We have the primary obstruction o{T{V,T{f))) e W+^V;T:^{SO{e))) « 
H'+^{V,N;TT,{SO{i))) for T{V,T{f)) to be trivial. It is not difficuh to sec that 
o(Ty,T(/)) ~ ±o(r(y, T(/))) under the isomorphism. 

Remark 7.2. In this case we may take i — n + 2 and consider the subbundle 
50(T(F,r(/)),£!i+2) ofUom{T{V,T{f)),e'i+^) associated to SO{n + 2). Since 

il+2 ■ SO{n + 2) ^ r2(i^")(n + 1, n + 1) is a homotopy equivalence, o(r(V", T(/))) 
coincides with the obstruction to find a section ofD,^'^'^\T{V,T{f)),e^'^), namely 
the Thorn polynomial of the closure C/(S*^^'^^ (t(T^, T(/)), e^"*"^)) (see, for example, 
[31 Proposition 3.1]^. This Thorn polynomial is equal to the second Stief el- Whitney 
class W2{T{V,T{f))) by^. 

If n + 1 = 4m and a;o([/]) lies in what is called the J-image J {Tiim~'i{SO{t))) 
of order jVn, in then we can choose an fold-map / such that iV = 5" by |7| 
Proposition 5.1]. This is also true for the case n = 1. Furthermore, we can take V 
to be a parallelizable manifold. Hence, the above dimension i is equal to n. 

We have the following lemma due to Lemma 2] . Let denote 2 for m odd 
and 1 for m even. 

Lemma 7.3 (32). Let n + 1 = Am. Let V be a parallelizable manifold. Then 
o{t{V , T{f))) is related to the m-th Pontrjagin class Pm{T{V, T{f))) by the identity 
Prn{T{V,T{f))) = ±a™(2m - 1)Io{t{V ,T{f))). 

We next see how o(Ty,T(/)) varies depending on the choice of V and / (the 
following argument is available for the case n = 1). Let two fold maps fi : S" 5" 
of degree (i = 0, 1) are ri^^^'^^-cobordant by a cobordism F : (W, dW) (5" x 
/, S"" X U 5" X 1) of degree as in Definition 3.1. Assume that there exists a 
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parallelizable (71 + l)-manifold Vi with dVi ~ S'"' x i. Then we have the bundle 
maps T{fi) : r(5" x z) © e^„^, ^ and T{F) : TW ® ^ e^gtlj by 

CoroUary 2] such that TW\s,^xi = 7(5" x i) © e^„^- and the stabihzations 
of T(F)|7V; and T{fi) are equaL Consider the almost parallelizable manifold W = 
VqUs" xoWLis" xi{—Vi), which is obtained by pasting Vq, W and Vi with orientation 
reversed. Let 

o{t{W)) e H''+\W;n„{SO{i))) « 7r„(50(£)) 
be the unique primary obstruction for t{W) to be trivial. Then it is obvious that 

o(ry„,r(/o)) - o(ry,,T(/i)) = ±o{r{W)) in ^„(50(^)). 

Define the integer m(n) for n > 1 to be the minimal nonnegative number such that 
there exists an {n + l)-dimensional almost parallelizable closed manifold W such 
that o{t{W')) = m{n). We will see m(l) = later. We have the following theorem 
due to ^34, Theorems 1 and 2]. 

Theorem 7.4 (32). Let n + 1 = 4m. Then we have 

(i) The Pontrjagin class PmiW) of an almost parallelizable closed manifold W' 
is divisible by ^jmCimi^m — 1)!. 

(ii) There exists an almost parallelizable closed manifold Wq with Pm{Wo) = 

±jraara{'2'm - 1)!. 

Consequently, we have tn(Ti) — jm- 

Let P" denote the real projective space of dimension n. Let C+P" and C_P" 
denote the cone of P" x [0, 1]/P" x 1 and P" x [-1, 0]/P" x (-1) respectively and 
let S'P" denote the suspension C+P" Upn C_P". For the projection of the double 
covering pp™ : S'" ^ P", let S{p-pn) : 5"+^ — > S'P" be its suspension. 

Lemma 7.5. Let n + 1 = 4m. Then we have 

(i) S{ppn)^ : TTi{S^'^^^) Tri{SP") is an isomorphism modulo 2-torsion for 
< i < n+ 1. 

(ii) S'(ppi)* : 7r„+i(5"^"'") — > 7r„+i(S'P") is injective. 

Proof. Since 5P" is simply connected and Hi{SP") is a 2-torsion for < « < n + 1, 
the assertion (i) follows from |40[ Section 6, 21 Theorem]. 

Let q : SF" S'(P"/P"-i) = 5'"+^ be the collapsing map. Then it is obvious 
that the degree of q o S{ppn) is equal to 2. This shows (ii). □ 

Let us define the map g : P" SO{n + 1) as follows. Let /_ be the (n + 1)- 
matrix En + (!)■ For an element v G P", take a column vector *(si, • ■ • , Sn+i) of 
length 1 representing V. Let G(v) denote the (ri + l)-matrix whose (i, j) component 
is 5ij — 2siSj, where 5ij — \ li i — j and 5ij — Q ii i ^ j. Then we set g(v) — 
I^G{v). We note that g is well-known as the characteristic map of the tangent 
bundle of 5""+^ (see WJl Section 23.4]). We define the space M{n + 2) to be the 
union C+P" x SO{n + 1) Upnxso(n+i) C_P" x SO{n + 1), which is pasted by 
the diffeomorphism (v, S") {v,q{v)S) for S G SO{n + 1). We have the map 
pspn : Ai{n + 2) — *■ S'P", which induces the structure of the fiber bundle with fiber 
S{n + 1). 

Letps„+i : SO{n+2) ^ SO{n+2)/ SO{n+l)x Ei = S"+i be the map defined by 
p5„+i(S) = Se„+2 for S G S0(n-|-2). Let 1?"+^ and 1?"+^ denote the hemispheres 
of S"^^ which consist of all points {xi, ■ ■ ■ , Xn+2) such that Xn+2 > and x„+2 < 
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respectively. Let us recall that SO{n + 2) is identified with the union _D"^^ x 
SO{n + 1) ^s"xso{n+i) D"i^^ X SO{n + 1), which is pasted by the difFeomorphism 
(s, 5*) (s,g([s])5). By the construction we have the natural bundle map : 
SO{n + M{n + 2) covering S{pp^). 

SO{n + 2) M{n + 2) 

(7-2) P3„+i J. J, pspn 

According to 0, Theorem 3.5] and Section 2], we have the topological embed- 
dings iM ■■ M{n + 2) n\n+l,n+l) and «f °i : SO{n + 2) fi(i'0)(n+ 1, n+ 1) 
such that i7vi(A^(ri + 2)) and i^^i{SO{n + 2)) are the deformation retracts of 
r2^(n+l,n+l) and fi'^'*'^ (n + 1, 7i + 1) respectively and that the following diagram 
commutes 

SOin + 2) Min + 2) 

(7.3) I i 

+ 1) > r2i(n + l,n+l), 

where i^i''"' denotes Til\n^^'°\n + l,n + l) : 1, n+ 1) n^{n+l,n+l). 

Lemma 7.6. Letn + \ = Am. Then (p^)^ : TTn{SO{n + 2)) 7r„(X(n + 2)) is 
injective. 

Proof. Consider the following diagram, which is induced from the homomorphism 
(Pm)* between the exact sequences for the fiber bundles ps^+i and psp^^ in (7.2). 

^„+i(5"+i) A 7r„(50(n + l)) 7r„(^0(n + 2)) 

7r„+i(5P") 7r„(50(n + l)) 7r„(A^(n + 2)) 

It is known that 7r„(50(n + 1)) «Z©Z, 7r„(S'0(n + 2)) « Z and d : 7r„+i(S'"+i) 
TTn{SO{n + 1)) is injective. Then the assertion follows from Lemma 7.5. □ 

Consider the homomorphism 

(7.4) (i^^'"')* : if"+i(\>;x„(r!(i'°)(n+l,n+l))) ^ i/"+i(F; ^„(l]i(n+l, n+1))), 

which is injective by (7.3) and Lemma 7.6. Therefore, we have the following propo- 
sition. 

Proposition 7.7. Let n + 1 ~ Am. Let V be parallelizable. Then, for the obstruc- 
tion o{t{V ,T{f))), {i^i'"^)^:{o{T{V ,T{f)))) becomes the unique obstruction to find 
a section of n\T{V,T{f)),el+^). 

We note that {i^[ '''),(o(r(F, T(/)))) is not necessarily a primary obstruction. 

In the rest of the paper we are only concerned with the case n < 8. We 
have chosen V to be parallelizable. This is justified by the following lemma and 
codimE3(„ + 1, n + 1) = 9. By the definition of t{V, T{f)) in the case dV = S'", 
T(/) yields the section of ri^(T(F, T(/)), £^+^)|cs" , which we denote by st(/)- 
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Lemma 7.8. Let n < 8 and dV ~ S*". Then we have the following. 

(i) If Pi{t{V ,T{f)) does not vanish, then any extension F : V S^^ x [0,1] 
such that FlS"" x = / has the singularities of codimension 4 and of type (2). 

(ii) If Pi{t{V ,T{f)) vanishes, then we have 

(ii-a) Sq-{f) is extendable to a section of fl'^{T{V,T{f)),e'^'^) over V except for 
a single point in the interior of V . In particular, V is parallelizable. 

(ii-h) P2(t{V ,T{f)) vanishes if and only if s-r(f) is extendable to a section of 
n\T{V,T{f)),ef^) overV. 

Proof, (i) is clear. 

(ii-a) We triangulate V so that CV is a subcomplex. Since cod\mT?{n + l,rt + 
1) = 4, ri^(n + l,n + 1) is 2-connected. By considering the fiber bundle psp" : 
M{n + i) it follows that TV is trivial on CV and the 3-skeleton of V. 

Since Pi{t{V , T{f )) = 0, it follows from Proof of Lemma 2] that TV is trivial 
on CV and the 4-skeleton of V . Then the assertion follows from tt^ (5*0(8)) = for 
I = 4, 5,6 by applying the obstruction theory for p^pn : AA{n + 2) SP" with 
fiber SO{8). 

(ii-b) We can define o(r(y, T(/))) by (ii-a), and hence the assertion follows from 
Lemma 7.3 and Proposition 7.7. □ 

Let us see that the singularities of symbol /([/]) of F actually detect the stable 
homotopy class wo([/]) G Trf for 7rf « 7rf « Z/(2), Trf w Z/(24) and 7rf « Z/(240). 
We use the above notation. Note that in dimensions n = 1,2, stable tangent bundles 
TV and Tw are trivial (note that an orientable 3-manifold is parallelizable). 

(Case: n = 1) We may take N = S'^. We have by gH Section 38] that 
o(ry,T(/)) = o(T(y, T(/))) is equal to the second Stiefel Whitney class W2iy). 
This is, as an invariant in Z/(2), coincides with the number of the singularities of 
the symbol (1,1,0) of modulo 2, since the Thom polynomial is the dual class of 
S'^'^{F). Hence, we have m(l) = 0. 

(Case: rt = 2) It follows from Theorem 7.1 that we can choose an fi^^'^'^)- 
regular map F for a fold-map /. Hence, o(ry,T(/)), namely o{t{V ,T{f))) hes 
in H'^{V;TTi{SO{e))) and coincides with W2{t{V ,T{f))) by Remark 7.2. Suppose 
that W2{t{V ,T{f))) vanishes. Since 7r2(S'0(3)) « {0}, the second obstruction in 
H^{V]'K2{SO {?>))), for t{V ,T{f )) to be trivial, always vanishes. This implies that 
'^od/D 7^ if and only if W2{t{V ,T{f ))) does not vanish for any choice of V and 
F (consequently, /([/]) = (1,1,0)). 

(Case: n — i) By Theorem 7.4 we have that Tn(3) — ji = 24 and ai = 2. 
By Lemmas 7.3, 7.8 and Proposition 7.7, we have that o(r(l^, T(/))) is equal to 
±Pi(r(t>,T(/))/2. By ^ the Thom polynomial of T,^{t{V ,T{f)),ei) is equal 

to Pi(r(y, T(/)). Consequently, an fi^-regular map F, for an element a;o([/]) £ 
TTg « Z/(24), has the corresponding algebraic number of the singular points of the 
symbol (2, 0) modulo 24. We remark that this number coincides with the e-invariant 
introduced in 1^ and j42| . 

(Case : n = 7) By [23 Section 7, Discussions and commputations] , an element of 
Trf « Z/(240) is detected by P2(t(V', r(/))/6 modulo 240. We note codimI]3(n + 
l,n -I- 1) — 9. By Theorem 7.4 we have that m(7) = j2 — 240 and oi = 1. Let 
/ : 5^ -> 5He a fold map with wo([/]) ^ 0. If Pi{t(V, T{f)) does not vanish, then 
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we have that /([/]) = (2,0) or (2, 1) by Lemma 7.8 (i). If Pi{T{V,T{f)) vanishes, 
then V becomes parahelizable by Lemma 7.8 (h). Since P2(t{V ,T{f)) does not 
vanish for any cobordism F : {V,S'^) (S*^ x [0,1], 5*^ x 0) with = /, the 

secondary obstruction {iqi '"^ )*(o(t(F, T(/)))) does not vanish by Lemmas 7.3, 7.8 
and Proposition 7.7. Therefore, we have /([/]) — (2, 0) or (2, 1). 

Let IV4 — {x^ + y'^,x'^) and (x^ + y^,xy'^) stand for the orbit of the fc-jets 
of the C°°-stable germs (^^,0) (K^0) of the symbols (2,0) and (2,1), which 
are characterized by the local algebras W^x^y]/ {x^ + y^jX*) and R[[x, ?/]/(x^ + 
y^,xy'^), by the group action of Diff(R*, 0) xDiff(R^, 0) respectively. They have 
been defined in [32]. If we apply an elaborate result in 1501 to the jet bundle 
j'=(T(l/,T(/)),ep, then we obtain the cycle ((a;^ + xy^) - 2/^4) under the 
integer coefficients of the Vassiliev complex (^01 Theorem 2.7]) and the Thorn 
polynomial of ((x^ + y^,xy'^) - 2IVi) is equal to 9P2{t{V ,T{f))) (|201 Section 3]). 
We denote the algebraic numbers of the singular points of types (x^ + y^, xy"^) and 
IV4 by A and B respectively. Then A-2B is divisible by 6-9 = 54 and (A-2B)/54 
corresponds to the stable homotopy class tJo ([/])■ 
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